Proteins are the workhorse molecules of the cell, which are obtained by folding long chains of amino acids. Since not all shapes are obtained as a folded chain of amino acids, there should be global geometrical constraints on the shape. Moreover, since the function of a protein is largely determined by its shape, constraints on the shape should have some influence on its interaction with other proteins. In this paper, we consider global geometrical constraints on the shape of proteins. Using a mathematical toy model, in which proteins are represented as closed chains of tetrahedrons, we have identified not only global geometrical constraints on the shape of proteins, but also their influence on protein interactions. As an example, we show that a garlic-bulb like structure appears as a result of the constraints. Regarding the influence of global geometrical constraints on interactions, we consider their influence on the structural coupling of two distal sites in allosteric regulation. We then show the inseparable relationship between global geometrical constraints and protein interactions; i.e. they are different sides of the same coin. This finding could be important for the understanding of the basic mechanisms of allosteric regulation of protein functions.
Introduction
In this paper, we consider global geometrical constraints on the shape of proteins, using the mathematical toy model of proteins proposed in [1] . Proteins are the workhorse molecules of the cell, which are obtained as a complex of folded chains of amino acids. Since the function of proteins depends primarily on their shape, structural studies are essential for understanding proteins. In our approach, protein molecules are represented as a complex of closed trajectories of tetrahedrons. Then, the surface of proteins is obtained as the intersection of a pair of four-dimensional cones [2] . Interactions between proteins are defined (or mimicked) as "fusion and fission" of closed trajectories.
Previously, two types of geometrical constraints are known in the study of protein structures. One is a set of constraints on the backbone conformation due to collisions between atoms [3] . The backbone conformation is determined by torsion angle pairs ( ) , φ ψ along the backbone, and their allowed values are shown in the Ramachandran map [4] . The other is a set of constraints on relative distances between certain pairs of atoms, which are obtained from either physical experiments or theoretical estimates. The determination of protein structures which satisfy a set of constraints on inter-atomic distances, known as the distance geometry problem, is an important problem in structural biology [5] .
In virology, another type of geometrical constraints, the symmetry of the virus structure, is also considered. Viruses are metastable macromolecular assemblies composed of the viral genome enclosed within the protein shells, called viral capsids [6] . Virus capsids are highly specific assemblies that are formed from a large number of often identical subunits. Formulated in [7] is a set of structural constraints on the subunit arrangements, using an extension of the underlying symmetry group. On the other hand, [8] finds that some viruses allow their representation as two-dimensional monohedral tilings of a bound surface, where each tile represents a subunit. Note that viral molecules consist of separeated parts. Protein molecules are obtained by folding a chain of linked parts and it is impossible to describe the shape of proteins by symmetry alone nor to describe their surface by tiling of basic subunits.
What we will consider below are global constraints on the shape of a complex of folded chains of basic blocks, such as triangles and tetrahedrons. One of the advantages of our model is the correspondence between "the shape of molecules" and "interaction between molecules". Since a protein's function is largely determined by its shape, constraints on the shape of a protein should have some influence on its interaction with other proteins. In our model, the geometrical constraints on the shape of a molecule correspond to the constraints on the interaction between three molecules, such as allosteric regulations. In the section before the conclusion, we will explain the correspondence between geometrical constraints on the shape and allosteric regulations using an example. An introduction to allosteric regulation is also given there.
Finally, Genocript (http://www.genocript.com) is the one-man bio-venture started by Naoto Morikawa in 2000 which is developing software tools for protein structure analysis. 
Discrete Differential Geometry of Triangles
Now, let us consider the case of closed trajectories of triangles to explain the basic ideas behind our approach. For detailed description, see [1] and [2] .
In the following, the coordinates of points in the N-dimensional 
Flows of Triangles
Flows of triangles are defined using unit cubes in E 3 . As shown in Figure 1 (a), unit cubes are piled-up in the direction of ( )
, where each of the three upper faces is divided into two triangles by the vertical diagonal (thick line). Then, a flow of triangles is obtained along the diagonals (Figure 1(b) ).
That is, the piled-up cubes form a mountain range-like structure and the vertical diagonals on its surface determine a flow of "slant" triangles on the slope.
As an example, let us consider the unit cube with the eight corner points 0, P x x = , and 3 1 P x = . Then, the upper face 0 1 2 3 P P P P is divided into two "slant" triangles 0 1 2 P PP and 0 3 2 P P P . The triangle flow goes down (or up) along the edge 0 2 P P at 0 1 2 P PP and 0 3 2 P P P .
In the following, we give the mathematical definition of the mountain range-like structure and the associated flow of triangles. i.e., The line segment joining vertex a and vertex
Definition 1 (Standard Lattice
is called the diagonal edge of the slant triangle. The set 2 S of all slant triangles is defined by: Figure 2(a) ).
A flow of "flat" triangles is defined on the hyperplane 
. (Figure 2(a) ). By patching "consistent" local trajectories together, we will obtain a flow of flat triangles as shown in Figure 1 (a).
Vector Fields of Triangles
As shown in Figure 1 (a), a mountain range-like structure induces a flow of triangles on 2 B . We can define a "tangent space" structure on the space 2 B of flat triangles, where each flat triangle assume one of the three gradient vectors 
Contour of Closed Trajectories of Triangles
The ridge lines of tangent cones are given by three vectors ( 
, and
Let c be a tangent cone and w be a cotangent cone. Then, we can divide all the slant triangles of the flow induced by c into three groups: 1) inside w, 2) outside w, and 3) on the surface of w (Figure 2(b) ). In particular, we can compute the contour of closed trajectories induced by a tangent cone using a cotangent cone as shown below. 
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2.4..Constraints on the Contour of Closed Trajectories
Let c be a three-dimensional tangent cone. We have computed the contour of 
, .
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In Theorem 2, we have computed the "contour" of ( ) t R c for a give tangent cone c ( Figure 5(a) ). Now, we will compute the "contour" of ( ) 
, ,
Starting with some definitions, we will consider the correspondence between the two types of regions of w Cone K iv ICone K w iv P P P P P P P P P P c w iv Cone P P P P P P Cone P P P w c w iv Roof P P P Cone K c w iv P P P P P P P P P P
R c w iv gets dented on the bottom, where
= , and Example 11 In the case of Figure 6 (b), In the next section, we will consider geometrical constraints on the shape of closed trajectories of tetrahedrons. As an example, it will be shown that a garlic bulb-like structure appears as a result of the constraints, where a flattened dodecahedron gets dented on the bottom and has vertical linear grooves on the side (Figure 11 ).
Mathematical Toy Model of Protein Molecules

Flows of Tetrahedrons
Now let us consider the case of tetrahedrons. To define a flow of tetrahedrons, we use unit cubes in the four-dimensional Euclidean space E 4 . By piling up unit cubes in the direction of ( ) | , , , . S of all slant tetrahedrons is defined by:
Example 12 Shown in Figure 7 (a) is a four-dimensional unit cube at the origin 1 P . The upper face 1 y yz z x xy xyz xx PP P P P P P P of the cube is divided into six tetrahedrons along the cube-diagonal 1 xyz PP : 
: | , , ,
. 
Vector Fields of Tetrahedrons
The tangent space on the space 3 B of flat tetrahedrons is defined in the same way as the tangent space 
TB t x x x x x x x x x x x x
Tangent cones are also defined similarly for 
Shape of Closed Trajectories of Tetrahedrons
To compute the surface (2-faces) of the region of 3D H swept by a set of closed trajectories of flat tetrahedrons, we will consider another type of cones whose ridge lines are given by the "slopes" of slant tetrahedrons, i.e., ( ) ∂ ⊂ / implies not only the existence of loopholes but also dents and bulges on the surface. That is, the tetrahedrons of type B and F correspond to loopholes, the tetrahedrons of type C to dents, and the tetrahedrons of type E to bulges (Figure 9 ).
To define a four-dimensional cotangent roof
A L ⊂ , we consider a set of the "closest 
Cone
. The rhombic dodecahedron consists of not only type D but also type E tetrahedrons of Figure  9 . In the figure, the tetrahedron with the grey diagonal edge are type E. The tetrahedrons with the black diagonal edge are type D.
Example 26 In the case of Figure 10 (c), 
R c is the rhombic dodecahedron surrounded by the black and grey thick lines, which consists of a closed trajectories of length 24. In the figure, the tetrahedrons with the grey diagonal edge are type E. The tetrahedrons with the black diagonal edge are type D.
Constraints on the Shape of Protein Molecules
In this paper, we consider the shape of complexes of closed trajectories of 
, a garlic bulb-like structure. c Cone P P P P P P P P P = .
( ) On the other hand, Then, 
, . Since the function of a protein is primarily determined by the three-dimensional shape, it is the shape of proteins that is characterized by the interaction network.
In this section, we will consider "interaction" between closed trajectories of triangles as a simplified geometrical description of protein interactions. Despite its simplicity, the closed trajectory model of protein interaction gives a novel geometrical interpretation of the difference between direct interactions of two proteins and cooperative interactions of three proteins (such as allosteric regulation).
Fusion and Fission of Closed Trajectories of Triangles
We have seen in the previous sections that vector fields of triangles are associated with three-dimensional tangent cones. Here we will define "fusion and fission" of closed trajectories of triangles using the tangent cone structure. For the sake of simplicity, we only consider the case of flows of triangles. Note that m 0 is the closed trajectory given in Figure 1 . That is, we obtained m 0 as a result of "fusion and fission" of 16 hexagons.
Example 35 By putting more unit cubes on the tangent cone of Figure 12 (b),
we obtain another equation 
Allosteric Regulation of Interactions
Now let us consider the difference between direct interactions of two proteins and cooperative interactions of three proteins (such as allosteric regulation). In our closed trajectory model, allosteric regulation corresponds to the complex of self-eclipsed closed trajectories of triangles (Definition 36). We will start with a brief introduction to allosteric regulation. 
Introduction to Allosteric Regulation
The SECT Model of Allosteric Regulation
In this paper, we propose a novel geometrical interpretation of the long-distance regulation of protein interactions (with no conformational change). In particular,
we consider how the coupling between active and allosteric sites occurs using the simplified structural description. Analysis of this model has allowed us to characterize a novel geometrical aspect of the structural coupling between active and allosteric sites. Remark. Recall that (slant) triangles are flowing on the slopes of a "tangent" cone. On the other hand, the contour of a closed trajectory is drawn on the slopes of a "cotangent" cone. Since the "slope inclination" of tangent cones is gentler than that of cotangent cones, the existence of a local trajectory of triangles at one region (active site) of the contour affect the existence of another local trajectory at another region (allosteric site) of the contour.
Example 36 Shown in Figure 13 is the interactions between the three closed trajectories m 0 , m 2 , and x 22 of Figure 12 is obtained by putting two unit cubes on the tangent cone of (a) (Figure 13(b) ).
We also obtain the interaction of the three closed trajectories m 0 , m 2 , and x 22 by putting one more unit cube on the tangent cone of (b) (Figure 13 
Conclusions
We have proposed a novel simplified geometrical description of the shape of protein molecules and their interactions. Using the model, we have identified not only global geometrical constraints on the shape of proteins, but also their influence on protein interactions. As an example of the global constraints, a "garlic-bulb like structure" was shown. As an example of their influence on interactions, the structural coupling between active and allosteric sites was considered. In particular, our model gives a novel geometrical interpretation of the long-distance regulation of protein interactions, which could be important for the understanding of the basic mechanisms of allosteric regulation of protein functions.
As for future research questions, we have already proposed an open problem in the text, i.e., the problem of simultaneous equations for shape. Just as the function (i.e., shape) of a protein is determined by its interaction with other molecules, the shape of a complex of closed trajectories may be determined uniquely by its interaction (i.e., fusion and fission) with other closed trajectories. From the viewpoint of computer engineering, development of a "protein description language" will be required if proteins are to be designed automatically. The model of the closed trajectories of tetrahedrons (or n-simplices) is expected to give the semantics of the language as in the case of mathematical semantics and the lambda calculus [23] .
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